We present the nonautonomous discrete bright soliton solutions and their interactions in the discrete AblowitzLadik (DAL) equation with variable coefficients, which possesses complicated wave propagation in time and differs from the usual bright soliton waves. The differential-difference similarity transformation allows us to relate the discrete bright soliton solutions of the inhomogeneous DAL equation to the solutions of the homogeneous DAL equation. Propagation and interaction behaviors of the nonautonomous discrete solitons are analyzed through the one-and two-soliton solutions. We study the discrete snaking behaviors, parabolic behaviors, and interaction behaviors of the discrete solitons. In addition, the interaction management with free functions and dynamic behaviors of these solutions is investigated analytically, which have certain applications in electrical and optical systems.
I. INTRODUCTION
In nonlinear science, the study of nonlinear differentialdifference equations (DDEs) has aroused increasing interest. DDEs are frequently used to model a wide variety of complicated physical phenomena such as particle vibrations in lattices, currents flow in electrical networks, and pulses in biological chains [1] [2] [3] .
The most efficient ones are the Ablowitz-Kaup-NewelSegur (AKNS) method and Ablowitz-Ladik (AL) method [4] , that are based on the Zakharov and Shabat spectral problem. The AL hierarchy is a set of integrable discrete nonlinear dynamic systems. It is known that AL hierarchy has a variety of modeling applications including optics [5, 6] and chaos in dispersive numerical schemes [7, 8] . There are many publications relating to the AL equation and discrete systems. In particular, the integrable discrete Ablowitz-Ladik (DAL) equation has certain electrical and optical systems [8] [9] [10] . Reference [8] has shown that a discrete electrical lattice employing the inductors and nonlinear capacitors in a transmission line can be described by a model which incorporates the AL equation with the discrete-self-trapping models. Reference [9] has given an overview of a more general system that combines the AL equation with other discrete nonlinear Schrödinger (DNLS)-type equations with some applications to optical and electrical systems. By means of the Bäcklund transformation, the AL equation has been converted to a physically corrected twin model with the application to the Peierls-Nabarro problem [11] .
Since Ablowitz and Ladik introduced the discrete AL equation [5, 12] , some methods have been proposed to solve the nonlinear discrete soliton equations in Refs. [5, [12] [13] [14] [15] [16] . For example, there is research conducted for soliton solutions, the Bäcklund transformation, the Darboux transformation, Hamiltonian structures, conserved quantities, and other properties. The authors of Refs. [17] [18] [19] [20] discuss quasiperiodic solutions for the AL equations, which include the discrete nonlinear Schrödinger (NLS) equation and the discrete modified Korteweg-de Vries (mKdV) equation. Seeking and the * yufajun888@163.com investigation of the exact solutions are crucial tasks in the study of nonlinear DDEs. Especially, the discrete soliton solutions which are intrinsic highly localized models of a nonlinear lattice have been demonstrated to exist in a wide range of discrete physical systems [21, 22] .
Recently, some important scientific studies of the nonautonomous NLS equations were derived. Serkin and Hasegawa consider a systematic way to find an infinite number of the stable bright and dark solitons of the NLS equation with varying dispersion, nonlinearity, and gain or absorption in [23] . And, the different soliton management regimes are predicted in [24] . The nonautonomous NLS equations with linear and harmonic oscillator potentials are introduced in [25] ; the nonautonomous solitons that interact elastically in external potentials are demonstrated in this system. Furthermore, the exact analytical solutions and numerical experiments reveal many specific features of nonautonomous solitons in [26] .
In particular, the discrete rogue wave (DRW) can be used as spatial energy concentrators in arrays of a nonlinear waveguide. And, the DRW solutions may well find practical applications. However, there are few reports to date about the nonautonomous DRW except for the discrete NLS equation [27, 28] , the AL lattice equation [12, 29] , and the discrete Hirota equation [30] . Yan and Jiang explore exact nonautonomous DRW solutions and interaction of the generalized Ablowitz-Ladik-Hirota (ALH) lattice equation with variable coefficients [31] . The discrete NLS equation is nonintegrable, which has some interesting applications in physics [9, 32, 33] . The AL lattice equation is integrable and possesses an infinite number of conservation laws [12, 29] , which is used to study some properties of the intrinsic localized modes [34] .
Although many people have investigated the discrete integrable AL equation [10, 35, 36] , however few people have studied the soliton dynamics with the free function effects. The discrete rogue wave solutions have been given in Ref. [31] . Different from those works in the previous studies, we further extend the investigation to the exact nonautonomous discrete bright soliton solutions and their interactions of the DAL equation with variable coefficients in this paper. Some explicit solutions of the DAL equation with potentials and nonlinearities depending on both time and spatial coordinates are considered. We also exhibit the wave propagation of nonautonomous discrete bright soliton (DBS) solutions and their interaction management for some chosen parameters and functions. For the given periodic gain or loss term, when the amplitude of the tunnel coupling coefficient between sites increases, these nonautonomous DBS solutions are localized in space and appear with some discrete behaviors, which are quite distinct from the well-known shaped one presented before. We hope that the time-space scale extension of the AL hierarchy will give a wider range of integrable dynamic systems that could be used in modeling.
The rest of this paper is organized as follows. In Sec. II, we describe the differential-difference similarity reductions of the DAL equation. In Sec. III, we present several types of exact nonautonomous DBS solutions, consider the propagation and interaction behaviors, and then the interaction management with free functions of these solutions is investigated analytically. Finally, we give some Conclusions.
II. DIFFERENTIAL-DIFFERENCE SIMILARITY REDUCTIONS AND CONSTRAINTS
We here address the DAL equation with variable coefficients modeled by the following lattice form
where n = n (t) stands for the complex field amplitude at the nth site of the lattice, the complex-valued function (t) is the coefficient of tunnel coupling between sites and can be rewritten as (t) = a 1 (t) + ia 2 (t), with a 1 (t) and a 2 (t) being differentiable, the real-valued function g(t) stands for the time-modulated interstice nonlinearity, v n (t) is the space-time modulated inhomogeneous frequency shift, and γ (t) denotes the time-modulated effective gain or loss term. In fact, this nonlinear lattice model (1) contains many special lattice models, such as the generalized AblowitzLadik-Hirota lattice for the case h = 1 [31] , the AL lattice for the case h = 1, a 1 (t) = const, a 2 (t) = v n (t) = γ (t) = 0, and g(t) = const [28, 29] , the AL equation with an additional term accounting for dissipation in the case h = 1, a 1 (t) = const, a 2 (t) = v n (t) = 0, γ (t) = const, and g(t) = const [37] , the discrete Hirota equation for the case h = 1, a 1 (t) = const, a 2 (t) = const,v n (t) = γ (t) = 0, and g(t) = const [38] , the generalized AL lattice given by Eq. (1) for the case a 1 (t) = const, a 2 (t) = γ (t) = 0, and g(t) = const [39] , and the discrete mKdV equation for the case a 1 (t) = v n (t) = γ (t) = 0, a 2 (t) = const, and g(t) = const [40] .
We consider spatially localized solutions of Eq. (1), i.e., lim n→∞ n (t) = 0. We search for a proper similarity transformation connecting solutions of Eq. (1) with those solutions of the following DAL equation with constant coefficients [41] , which is a third-order lattice equation
where n = n (τ ) is a physical field of space n, and the τ = τ (t) is a real-valued function of time to be determined, and the complex-valued parameter λ can be rewritten as λ = a + ib with a and b being real-valued parameters. The third-order discrete model (2) contains some special physical models, such as the AL lattice for the case h = 1, a = 1, and b = 0 [12, 29] , the discrete mKdV equation for the case h = 1, a = 0, and b = 1 [40] , and the discrete Hirota equation for the case h = 1 [31] . The DAL equation (1) provides the means to describe analytically various dynamical regimes of the N -soliton train and to predict initial soliton parameters responsible for each of the regimes, and the numerical simulations corroborate well analytical predictions [10] . An interesting problem of the characterization of solitons present in numerical or experimental data has been discussed by Boiti et al. [42] in the context of a train of envelope wave pulses modeled by the AL equation on a finite interval. Experimentally, it studies a discrete electrical lattice where the dynamics of modulated waves can be modeled by the DAL equation (1) . Regions of modulational instability (MI) are investigated; it is shown that unlike envelope solitons, which can be observed close to the zero-dispersion point, the staggered modes experience strong lattice effects. Some results are confirmed by the observation of "staggered" localized modes. Another, the analytical and numerical investigations of MI of the AL equation, showing nonlinear development of the instability as well as spatial structures, are displayed in [43] .
It has been reported that solitons could collide inelastically, and there are shape-changing collisions for a discrete system (2) . In this paper, we will solve Eq. (1) with nontrivial seed solutions and study the nonautonomous DBS solutions with a trivial background.
According to the ansatz methods [31, 44, 45] , we search for the solutions of the physical field
where ρ(t) and ϕ n (t) are the real-value functions of the indicated variables.
To conveniently substitute ansatz (3) into Eq. (1) and to further balance the phases in every term, i.e., n (t), n+1 (t), n−1 (t) in Eq.
(1), we should first know the explicit expression of the phase in space. Similar to the phases in the discrete Hirota equation [31] , we here consider the case that the phase is expressed as a cubic polynomial in space and its coefficients are the functions of time in the following form:
based on symmetry analysis, we simply balance the coefficients of these terms n (t), n+1 (t), and n−1 (t) such that we find that the phase in transformation (4) should be a first degree polynomial in space with coefficients being functions of time, namely,
where p 0 (t), p 1 (t), p 2 (t), and p 3 (t) are functions of time to be determined. Equation (3) allows us to reduce Eq. (1) to Eq. (2); the variables in this reduction can be determined from the requirement for the physical field n (τ (t)) to satisfy Eq. (2).
Thus, we substitute transformation (3) into Eq. (1) and after relatively simple algebra obtain the system of nonlinear partial differential equations; we get the following system:
where the dot denotes the derivative with respect to time. Therefore, if system (6) (6), we get the similarity variables ρ(t),τ (t), and p 1 (t) in the form:
where c 1 ,c 2 are constants, s is an integration variable, and ρ 0 is an integration constant. Now it follows from Eq. (6) that we further find the external potential v n (t) and nonlinearity g(t) with c 1 ,c 2 chosen as zero in the following form:
where we introduce two functions in external potential v n (t) in the form:
We choose the different parameters h,a,b and the different functions a 1 (t), a 2 (t), γ (t); the Fig. 1 depicts the profiles of nonlinearity g(t), τ (t) and the external potential v 1 (t) given by Eqs. (7), (8) , and (9).
III. NONAUTONOMOUS DBS SOLUTIONS AND INTERACTION MANAGEMENT
Although many people have investigated the discrete integrable AL equation, few people have studied the soliton 
is given by Eq. (8) with γ (t) = sin(t) sin(2t), ρ 0 = 1; (c) the function τ (t) is given by Eq. (7) with a 1 (t) = sin(3t), a 2 (t) = 0, a = 1, b = 1.
dynamics of controllable interactions with free functions. Different from that work in the previous studies, we will aim to analyze the soliton dynamics of Eq. (1) with the management effects of a 1 (t),a 2 (t), and γ (t), based on the DBS solutions.
In order to control the soliton interactions, we consider the analysis of functions a 1 (t),a 2 (t), and γ (t). The results have some guiding significance for controllable management of a soliton, and can provide some theoretical analysis for carrying out optical soliton communication experiments.
A. Nonautonomous discrete one-bright soliton solution
In Ref. [46] , the N -bright soliton solutions are obtained via the Hirota bilinear method for a discrete integrable AL equation (2) .
Based on the similarity transformation (4) and the bright soliton solutions of the Eq. (2) 
, γ (t) = −sin(t) cos(t), ρ 0 = 1 in Eq. (10).
in the form:
(1)
where
2 ds [the variable τ (t) is given by Eq. (7)]; and the phase ϕ n (t) = p 1 (t)n + p 0 (t), p 1 (t) is given by Eq. (9), and p 0 (t) is an arbitrary differentiable function of time.
To illustrate the wave propagation of the obtained nonautonomous discrete one-bright soliton solution(10), we can choose these free parameters in the form k = 1, h = 1, ρ 0 = 1, a = 1, b = 1. The evolution of the intensity distribution for the one-bright soliton solution given by Eq. (10) is illustrated in Fig. 2(a) with functions a 1 (t) = 0.1 sin(t) , a 2 (t) = 0.1 cos(t), γ (t) = −6 sin(t) cos 5 (t). Moreover, it follows from Fig. 2(b) that the amplitude of the discrete one-bright soliton solution is invariant as time increases. Figures 2(a) and 2(b) describe the propagation of the discrete one-soliton. It can be observed that with the increasing distance, the amplitude and the width of the soliton remain the same. The evolution of the intensity distribution for the one-bright soliton solution given by Eq. (10) is illustrated in Fig. 2(c) with functions
,γ (t) = −sin(t)cos(t). Such a structure of the discrete soliton is known as "parabolalike."
If a = 1, b = 0, λ = 1 in Eq. (6), this means that ϕ n (t) is still a linear function of the discrete space n. In this case, the obtained nonautonomous discrete one-bright soliton solution (1) n (t) in the following form is (1) 
with τ (t) = t 0 a 1 (s)ds. We choose the free functions a 1 (t), γ (t) of time t; the Fig. 3 depicts the dynamical behaviors of the discrete-bright soliton solution (11) .
The evolution of the intensity distribution for the onebright soliton solution given by Eq. (11) is illustrated in Fig. 3 with the parameters k,ρ 0 ,a, and b . However, we fix the coefficients k = 0,ρ 0 = 0.5, and adjust the coefficients of the tunnel couplings a 1 (t),γ (t) given by Eq. (11); then the evolution of the intensity distribution for the discrete one-bright soliton solution is changed (see Fig. 3 ), and it follows from Fig. 3(a) that the discrete one-bright soliton solution in this case is variable. Moreover, it follows from Fig. 3(b) that it can be observed that the amplitude of the soliton becomes small, the width becomes narrow, and the central position is unchanged with the transmission distance. For Fig. 3(c) , which is the nonautonomous discrete bright soliton solution with the increasing distance, the amplitude and the width of the soliton remain the same, but the central position oscillates periodically. Such a structure of the soliton is known as "snakelike. " We can see that the amplitudes and shapes of the discrete one-bright soliton solution can be influenced by the lattice parameters a,b,a 1 (t),a 2 (t), and γ (t) in Figs. 2 and 3 . Figures 2(c) and 3(c) tell us that the shapes of the discrete solitons can be influenced by the a 1 (t),a 2 (t), which present two kinds of special solutions: the parabolalike and snakelike, respectively. Figures 2(b) and 3(b) show the discrete peaks of the propagating soliton with certain amplitude, velocity, and width. Figure 2 (b) displays that the soliton in the case of a = 1,b = 1 has the same amplitudes, and the same widths. As to the case of a = 1,b = 0, the amplitude of Fig. 3(b) is smaller than the other ones, and the width is decreased.
B. Nonautonomous discrete two-bright soliton solutions
In order to control the soliton interactions, we consider the analysis of functions a 1 (t),a 2 (t), and γ (t). Based on the two-bright soliton solutions of Eq. (2) and the similarity transformation (4), we obtain the nonautonomous discrete two-bright soliton solution of Eq. (1) in the following form: (2) 
with
2 ds. To illustrate the wave propagation of the obtained nonautonomous discrete two-bright soliton solution, we can choose these free parameters in the form ρ 0 = 1,a = 1,b = 1. The evolution of the intensity distribution for the two-bright soliton solution given by Eq. (12) is illustrated in Fig. 4 with functions a 1 (t),a 2 (t),γ (t). Moreover, it follows from Figs. 4(a) and 4(c) that show the process of the interactions between two solitons with different velocities. When two solitons encounter each other, they join together. After the interactions, two solitons separate from each other and revert to their original states, whose shapes and velocities remain invariant except for some phase shifts.
In particular, we consider the properties of a 1 (t) = sin m (t),a 2 (t) = cos m (t)(m = 2n,m = 2n + 1). Figures 4(a) and 4(c) have the soliton interactions with m = 2n + 1, and Fig. 4(b) has not the soliton interactions with m = 2n. Hence, we can control the soliton interactions through the different functions a 1 (t),a 2 (t).
The ϕ n (t) is still a linear function of the discrete space n, when a = 1,b = 0, and λ = 1. In this case, the obtained nonautonomous discrete two-bright soliton solution (2) n (t) is given as the following: (2) 
We choose the free functions a 1 (t), γ (t) of time t, a 2 (t) = 0, and these free parameters in the form ρ 0 = 1,a = 1,b = 0; the evolution of the intensity distribution and dynamical behaviors 
for the nonautonomous discrete two-bright soliton solution in Eq. (13) are illustrated in Fig. 5 . Figure 5 shows the process of the interaction management between two solitons with different controllable functions a 1 (t),γ (t). In Figs. 5(a) and 5(c), when two solitons encounter each other, they join together. After the interactions, two solitons separate from each other and revert to their original states, whose shapes remain invariant except for some phase shifts. Moreover, when two solitons encounter each other, they have not the phenomena of interactions in Figs. 5(b) and 5(d) .
Figures 5(a) and 5(c) show the interactions with the different choices of the a 1 (t) = 1, γ (t) = 0.1 sin(t) and a 1 (t) = sn(3t,1),γ (t) = 0.1 cos(t), respectively. Figure 5 (c) presents a discrete χ -shape solution. It is interesting to note that the amplitude of the collision point also oscillates periodically. The two solitons can transmit in parallel with the same shape and velocity, which is shown in Fig. 5(b) . Meanwhile, the periodic interaction of the discrete two-soliton is observed in Fig. 5(d) . It can be found that the two discrete solitons attract and repel each other alternately, and their central positions oscillate periodically. It can be seen that the central positions of the two discrete solitons oscillate periodically but the separation of the two solitons remains constant along the optical fiber. And it can also be seen that the single soliton has the same shape as snakelike. In this work, the parallels between nonlinear guided wave phenomena in optics and nonlinear guided wave phenomena in Bose condensates can be clearly demonstrated by considering optical and matter wave soliton dynamics in the framework of nonautonomous evolution equations.
IV. CONCLUSIONS
In this paper, we have studied nonautonomous discrete bright soliton solutions and their interactions of the DAL equation. Based on the differential-difference similarity reduction (3) and the discrete bright solitons of the DAL equation [44] , we obtain nonautonomous solutions and find some spatial temporal structures for nonautonomous discrete bright soliton solutions with arbitrary functions in the system. We present the discrete snaking behaviors, parabolic behaviors, and interaction behaviors of the discrete solitons.
Then, the interaction management and dynamic behaviors of these solutions with free functions are investigated analytically. The propagation characteristics of the discrete exact soliton solutions in the management systems have been investigated. Especially, the dynamic properties of the amplitude, pulse width, and the controllable interactions of solitons with transmission distance have been studied. The study found that the soliton interactions can be controlled through choosing the free functions in the management systems. These results have some guiding significance for soliton amplification, compression, and controllable management, and can provide some theoretical analysis for experiments.
